Universal values of dimensional effective coupling constants g 2k that determine nonlinear susceptibilities χ 2k and enter the scaling equation of state are calculated for n-vector field theory within the pseudo-ǫ expansion approach. Pseudo-ǫ expansions for g 6 and g 8 at criticality are derived for arbitrary n. Analogous series for ratios R 6 = g 6 /g 2 4 and R 8 = g 8 /g 3 4 figuring in the equation of state are also found and the pseudo-ǫ expansion for Wilson fixed point location g * 4 descending from the six-loop RG expansion for β-function is reported. Numerical results are presented for 0 ≤ n ≤ 64 with main attention paid to physically important cases n = 0, 1, 2, 3. Pseudo-ǫ expansions for quartic and sextic couplings have rapidly diminishing coefficients, so Padé resummation turns out to be sufficient to yield high-precision numerical estimates. Moreover, direct summation of these series with optimal truncation gives the values of g * 4 and R * 6 almost as accurate as those provided by Padé technique. Pseudo-ǫ expansion estimates for g * 8 and R * 8 are found to be much worse than that for the lower-order couplings independently on the resummation method employed.
I. INTRODUCTION
The behavior of physical systems in the vicinity of Curie point is characterized by universal parameters such as critical exponents, critical amplitude ratios, etc. Among universal quantities important role is played by renormalized effective coupling constants g 2k which enter small magnetization expansion of free energy and fix critical asymptotes of nonlinear susceptibilities: 
where z is dimensionless magnetization, z = M g 4 /m 1+η , renormalized mass m ∼ (T −T c ) ν being the inverse correlation length, χ is a linear susceptibility, χ 4 , χ 6 and χ 8 -nonlinear susceptibilities of fourth, sixth and eighth orders.
Nonlinear susceptibilities and critical equation of state, describing the influence of ordering field upon the behavior of a system near T c , attract permanent attention of theorists for decades. Dimensionless effective coupling constants g 2k and free energy (effective action) for the basic models of phase transitions were found by a number of analytical and numerical methods . Calculation of the universal critical values of g 4 and g 6 for three-dimensional
Ising model showed that the field-theoretical renormalization group (RG) approach in fixed dimensions yields highly accurate numerical estimates for these quantities. For example, the resummation of four-and five-loop RG expansions by means of the Borel-transformationbased procedures gave the values for g * 6 , which differ from each other by less than 0.5% 15, 16 while use of the resummed three-loop RG expansion enabled one to achieve an apparent accuracy no worse than 1.6% 15, 24 . In principle, this is not surprising since the field-theoretical RG approach proved to be highly efficient when used to estimate critical exponents, critical amplitude ratios, marginal dimensionality of the order parameter, etc. for various threedimensional models 2, 3, 10, 19, 27, 32, 33, 39, 40 . Moreover, the field-theoretical RG technique turns out to be powerful enough even in two dimensions: properly resummed four-loop 2,3 and five-loop 41 RG expansions lead to fair numerical estimates for the critical exponents and renormalized coupling constant g * 6
23 of 2D Ising model and give reasonable results for other exactly solvable 2D models [42] [43] [44] .
Since RG expansions are known to be divergent, in order to obtain proper numerical estimates one needs in resummation methods. Most of those nowadays being employed are based on Borel transformation which avoids factorial growth of higher-order coefficients and paves the way to converging iteration schemes. This transformation widely used in the theory of critical phenomena has resulted in a great number of high precision numerical estimates. On the other hand, there exists alternative technique turning divergent series into more "friendly" ones in the sense that the expansions this technique yields have smaller lower-order coefficients and much slower growing higher-order ones than those of original series. We mean the method of pseudo-ǫ expansion put forward by B. and computer simulations. Renormalized quartic coupling for the two-dimensional n-vector model will be also studied for various n and comparison of the results given by pseudo-ǫ expansion approach with their field-theoretical and lattice counterparts will be made. Numerical estimates will be deduced from the pseudo-ǫ expansions by means of Padé and, when necessary, Padé-Borel resummation methods as well as by direct summation. The latter approach will be applied under the assumption that proper numerical results may be obtained by means of truncating divergent pseudo-ǫ expansions at smallest terms, i. e. applying the procedure true for asymptotic series.
The paper is organized as follows. In the next section the pseudo-ǫ expansions for g * 4 , g * 6 , g * 8 , R * 6 , and R * 8 are derived from 3D RG series for general n. Section III contains numerical estimates of Wilson fixed point location for 3D O(n)-symmetric systems with 0 ≤ n ≤ 64 resulting from pseudo-ǫ expansion for g * 4 . Sections IV and V deal with renormalized sextic and octic couplings respectively presenting and discussing numerical estimates for R * 6 and R * 8 at various n. In Section VI the quartic coupling constant of two-dimensional n-vector model is studied within the pseudo-ǫ expansion approach. The last section is a summary of the results obtained.
II. PSEUDO-ǫ EXPANSIONS FOR QUARTIC, SEXTIC AND OCTIC COUPLING

CONSTANTS
As is well known, the critical behavior of D-dimensional systems with O(n)-symmetric vector order parameters may be described by Euclidean field theory with the Hamiltonian:
where ϕ α is a real n-vector field, bare mass squared m 
Starting from the six-loop 3D RG expansion for β-function 10 , we replace the linear term in this expansion with τ g 4 , calculate the Wilson fixed point coordinate as series in τ , and arrive to the following expression: 
we obtain: 
Since small magnetization expansion of free energy contains ratios of renormalized coupling constants
rather than coupling constants themselves, it is reasonable to calculate pseudo-ǫ expansions for these ratios as well. They are as follows 
Let us find numerical estimates for the fixed point value of quartic coupling constant at various n resulting from the pseudo-ǫ expansion (5) . Address first the cases n = 0, n = 1, n = 2 and n = 3 that are known to correspond to physically realizable systems. Pseudo-ǫ expansions for the critical value of g 4 we'll deal with are as follows:
The expansions for universal value of g 4 were, in fact, analyzed earlier employing Borel transformation based resummation procedures 3, 19 , although series (5), (13), (14), (15), (16) themselves, to our knowledge, have never been published. Here we resum these expansions and their counterparts for other n by means of Padé approximants [L/M], i. e. using rather simple approach. This technique is quite suitable in our situation since, as seen from (13)- (16), the pseudo-ǫ expansions have small higher-order coefficients. Padé approximant technique is widely known today (see, e. g. Ref. 49 ), so we write down Padé tables for all four cases without going into detail. Two points, however, have to be mentioned. First, to make comparison of our estimates with others more convenient, we present numerical results for rescaled constant g = g 4 (n + 8)/2π; the series staying in brackets in (5), (13), (14), (15), (16) are precisely the pseudo-ǫ expansions for this constant. Second, Padé approximants are constructed for g * /τ , with factor τ having physical value τ = 1 ignored. Tables I, II, III and IV present Padé triangles discussed.
It looks natural to adopt as a final estimate for g * the average over two highest-order 
Numbers (17) differ from their canonical six-loop RG counterparts only in third or even in fourth (n = 3) decimal place. This looks rather optimistic encouraging to work further with Padé resummed pseudo-ǫ expansions. Moreover, the accuracy of numerical results given by these series rapidly improves when dimensionality of the order parameter n grows up.
To demonstrate this we present Padé triangle for n = 6 ( Table V) . As seen from Table V, for this (not so big) value of n the numbers given by approximants [4/1] , [3/2] , and [2/3] practically coincide with each other and with 6-loop RG estimate g * = 1.3385 24 .
Note that, as seen from Tables I-V, The overall situation is illustrated by This may be considered as a strong argument in favor of high numerical effectiveness of the pseudo-ǫ expansion approach. Moreover, direct summation of series for g * generates an iteration procedure which, being quite primitive, rapidly converges to asymptotic values that are very close to most accurate estimates known today. In this sense, the pseudo-ǫ expansion approach itself may be referred to as some special resummation technique. To confirm or to disprove this statement, the structure of pseudo-ǫ expansions for other universal quantities and corresponding numerical estimates are to be analyzed.
IV. SEXTIC COUPLING AND UNIVERSAL RATIO R 6 FOR VARIOUS n Let us estimate further universal critical values of g 6 and R 6 within the pseudo-ǫ expansion approach. For Ising, XY and Heisenberg models corresponding τ -series read: n = 1:
n = 2:
n = 3:
Expansions for g * 6 are seen to have fast diminishing coefficients with irregular signs. On the contrary, coefficients of τ -series for R * 6 decrease more slowly but these series are alternating. We'll concentrate on the numerical values of R * 6 which enters the scaling equation of state and has been estimated for various n within several field-theoretical and lattice methods 16, 22, 25, 26, 35, 38 . Since higher-order coefficients of series (18) - (23) , ii) via Padé summation of series for g * 6 and use of the first relation (10), iii) by direct summation of R * 6 pseudo-ǫ expansion with optimal truncation, and iv) by optimally truncated direct summation (OTDS) of τ -series for g * 6 and subsequent use of (10) with g * 4 also found by OTDS. As was expected, Padé resummation turns out to be effective in our problem. One can see this from Padé triangles for g * 6 and R * 6 at n = 1 presented in Tables VII and VIII. We choose here the Ising limit as an illustration not only because of its physical significance.
More important point is that under n = 1 τ -expansions for g * 6 and R * 6 have larger higherorder coefficients than those for n > 1 making Ising model rather "unfriendly" for pseudo-ǫ expansion analysis.
Numerical results obtained for 0 ≤ n ≤ 64 are presented in Table IX. The second column contains universal values of R 6 given by Padé summation of corresponding τ -series. In the third column the estimates found via Padé summation of τ -series for g * 6 are collected. The numbers obtained by optimally truncated direct summation of the series for R * 6 and g * 6 form fourth and fifth columns. Padé estimates reported in Table IX Table. The values of R * 6 staying in second and fifth columns of Table IX are seen to be very close to each other and to RG estimates for any n. This fact may be understood keeping in mind the structure of pseudo-ǫ expansions for R * 6 and g * 6 . The series for R * 6 have small enough and monotonically decreasing coefficients with alternating signs what makes their summation by means of Padé approximants efficient 49 . The coefficients of the series for g * 6 , on the contrary, have irregular signs but their modulo decrease extremely rapidly and the last coefficients are tiny (see, e. g. (18), (20), (22)). This obviously favors direct summation. On the other hand, τ -series for g * 6 because of fast decreasing coefficients are also suitable for Padé summation. That is why the numbers in the third column of Table IX are rather close to their counterparts from the second and fifth columns. In such a situation optimally truncated direct summation of τ -series for R * 6 having no advantages looks as a crude procedure, at least when compared with others just discussed. Nevertheless, it provides quite satisfactory results for n ≥ 10 and leads to fair estimates for physical values of n.
So, we see that the pseudo-ǫ expansion approach combined with Padé resummation technique is a powerful instrument for analysis of effective sextic interaction at criticality. Moreover, even direct summation, if properly performed, is able to provide high-precision numerical estimates for the universal ratio R * 6 at any n.
V. OCTIC COUPLING: STRUCTURE OF τ -SERIES AND NUMERICAL ESTI-
MATES
In the case of renormalized octic coupling we have shorter pseudo-ǫ expansions with much less favorable structure. This is clearly seen from the series for n = 1, 2, 3 written below: n = 1: 
The series for R * 8 being alternating have big elder coefficients. That is why to estimate this ratio we apply, along with Padé resummation, Padé-Borel procedure. Higher-order coefficients of the expansions for g * Table X , along with the estimates of R * 8 deduced from RG series in three dimensions 16, 25, 35 , found within the ǫ-expansion 26,35 and 1/n-expansion 22 approaches and extracted from lattice calculations. As is seen, in the case of octic coupling numerical estimates turn out to be much worse than those obtained for g * 4 and R * 6 . Indeed, the numbers given by pseudo-ǫ expansions resummed in three different ways are strongly scattered, to say nothing about their marked deviation from estimates yielded by alternative methods. This is true not only for n = 0, 1, 2, 3, but even for n as large as 64: the difference between various pseudo-ǫ expansion estimates exceeds here 20%.
Of course, pronounced shortness and strong divergence of τ -series for g * 8 and R * 8 may be thought of as main sources of such a failure. There exists, however, an extra moment making the situation quite unfavorable. The point is that the series (9), (12) have unusual feature. Namely, when n → ∞ the first and second terms in these expansions compensate each another diminishing their mutual contribution and increasing the role of higher-order terms;
analogous peculiarity was observed earlier for original RG expansion of g 8 25 .
Since each of τ -series (9), (12) is short and possesses only one such key higher-order term numerical effectiveness of pseudo-ǫ expansion turns out to be poor in this case. We believe that calculation of the next terms in τ -series for renormalized octic coupling would considerably improve the situation, as it occurs in other unfavorable cases 41 . To get longer τ -series one needs, however, longer RG expansion for g 8 . Today such an expansion is known only for the Ising model 16 .
VI. RENORMALIZED QUARTIC COUPLING CONSTANT IN TWO DIMEN-SIONS
Here we'll apply the pseudo-ǫ expansion technique to estimate the critical values of quartic coupling constant for two-dimensional systems. Along with physically interesting cases n = 1 and n = 0 studied earlier 36,44 the models with n ≥ 2 will be considered. Although these models are known not to undergo phase transitions into ordered state, Wilson fixed point location has been calculated for them within field-theoretical 2D RG approach in five-loop approximation 41 and using ǫ-expansions constrained at D = 0 and D = 1 21, 26 . Comparison of numerical results obtained within these techniques with those given by pseudo-ǫ expansions is believed to shed light on computational power of the latter approach.
Pseudo-ǫ expansion for fixed point value of g in 2D for arbitrary n is as follows 44 : These results lead us, as above, to the conclusion that the pseudo-ǫ expansion itself may be considered as a resummation method. The first argument in favor of such a point of view is obvious: this approach turns strongly divergent field-theoretical RG expansions into power series with smaller lower-order coefficients and much slower increasing higher-order ones. The second argument is specific for low-dimensional systems: the physical value of the pseudo-ǫ expansion parameter τ is equal to 1, while the Wilson fixed point coordinate g * playing analogous role within field-theoretical RG approach is almost two times bigger for physical values of n (g * ≈ 1.8). This difference is essential, especially keeping in mind importance of higher-order terms 41 .
VII. CONCLUSION
To summarize, we have calculated pseudo-ǫ expansions for universal values of renormalized coupling constants g 4 , g 6 , g 8 and of ratios R 6 , R 8 for 3D Euclidean n-vector λφ 
